The response of a two-dimensional liquid foam to a localized air injection is investigated experimentally and theoretically. The experiments show a rich phenomenology, with two essentially distinct behaviours, depending on the injection conditions. At low flux, the injected air forms a central bubble that grows inside the foam and induces plastic rearrangements, without film rupture. This 'pure swelling' regime is reminiscent of ductile fracture. In this regime, the central bubble shows fingering patterns beyond a certain velocity. The dependence among the swelling rate, the injection overpressure and the other control parameters, namely cell gap, bubble size and foam area, is captured by a simple balance between the pressure drop and bubble/wall friction under a radial assumption. Fingering is successfully modelled by the linear stability analysis of an azimuthal perturbation of the radial model; yield stress becomes an important parameter to determine the finger width. At high injection rate, films are broken and narrow cracks form rapidly through the foam, reminiscent of brittle fracture. Criteria for the transition between ductile and brittle behaviours are investigated, both at the local and global scales.
Introduction
The interest in foam or emulsion flows in confined geometry, initially strongly motivated by the oil industry (Hirasaki & Lawson 1985) , has been recently rekindled by various other applications in digital microfluidics (lab-on-a-chip technology (Marmottant & Raven 2009; Baroud, Gallaire & Dangla 2010) ), in biology (lung surfactant flows (Goerke 1998) ) and in civil engineering (soil remediation (Chowdiah et al. 1998) ). The internal structure of foams is easy to observe, at least in two dimensions, and their mechanical properties at small scale are usually better known than the ones of other complex fluids. For these reasons, foam rheology is an active field of research (Höhler & Cohen-Addad 2005) , and foams are also considered as good model systems for a broader class of complex fluids, all sharing similar rheological properties (Larson 1999) . A classical set-up for confined flow studies is the Hele-Shaw cell, made of two glass plates separated by a small gap.
In this paper, we study a foam radially pushed in a Hele-Shaw cell by injection of gas through a small hole in the bottom plate. The gap between the plates is I. Ben Salem, I. Cantat and B. Dollet of viscoelastic fluids (Tabuteau et al. 2009) or when studying the motion of objects through micellar solutions (Gladden & Belmonte 2007) . Foams in Hele-Shaw cells are especially well suited to address this question, because the distinction between the two regimes, usually relying on the observation of the macroscopic pattern, is based on the direct observation of the foam structure and on the presence of film bursting. This transition has already been observed in two-dimensional foam in a straight channel geometry (Hilgenfeldt, Arif & Tsai 2008; Arif, Tsai & Hilgenfeldt 2010 , 2012 . This paper presents new experimental and theoretical results on several aspects. In the swelling regime, i.e. in the absence of film bursting, we provide the first detailed investigation of the swelling rate as a function of the injection overpressure, the cell gap, the bubble size and the initial foam area. All experimental dependences are successfully captured by a continuum model of the foam based on a radial assumption that takes into account the specific law that characterizes the friction between the foam and the plate. We significantly extend the experimental characterization of the fingering process by Park & Durian (1994) and Lindner et al. (2000) by varying a much larger set of control parameters. We discuss the similarities and differences with the results by Park & Durian (1994) . We develop an original model, based on a linear stability analysis, that adds the foam/wall friction into the model of Coussot (1999) . We show that this external viscosity dominates and we discuss the corrections induced by the yield stress to the fingering. This model predicts a characteristic finger width in good agreement with our experimental observation. Finally, we determine the crossover between swelling and rupture in the whole phase diagram, corresponding to our multiple control parameters (bubble size, liquid fraction, pressure, foam size, cell gap thickness). Our theoretical prediction for the cross-over relies on a local geometrical criterion for film bursts, and differs from the predictions proposed in Hilgenfeldt et al. (2008) and Arif et al. (2010 Arif et al. ( , 2012 , for a reason that we identify. and glycerol 10 % wt in ultra-pure water. The viscosity of this solution is η = 1.2 mPa s, its surface tension is σ = 36.8 ± 0.3 mN m −1 , and its surface modulus E D quantifying its interfacial viscoelasticity (Denkov et al. 2005 (Denkov et al. , 2009b ) is below 1 mN m −1 (Dollet & Cantat 2010 ). The foam is prepared by blowing air at a flux controlled by a syringe pump (PHD2000, Harvard Apparatus) through a needle in the container. Bubbling was always performed at a rate low enough to ensure that bubbles are monodisperse. Foam accumulates at the free surface of the liquid. We take the top plate, and place it just above the container, in contact with the foam. Most of the foam is then transferred to the plate after withdrawal. The top plate is then set on the spacers, and the foam is squeezed between the two plates. No significant bubble coalescence nor bursting was observed during this squeezing stage, and the bubbles quickly relaxed towards an equilibrium, non-prestressed state. The bubble size and the spacer height are chosen in order to obtain a single monolayer of bubbles. The foaming solution reservoir is weighed before and after the foam collection by the top plate; the difference is a measure of the mass of the foam, from which we deduce the total volume of solution V sol in the collected foam. The relative uncertainty in this quantity comes from the precision of the weighing balance, and is at most 4 %.
Materials and methods

Foam production and characterization
The foam structure is lit with a circular neon tube put between the bottom plate and a black plate, and is recorded with a high-speed camera (Photron APX-RS). The bubble edges appear in white on a black background (figure 1). Image segmentation allows us to identify all the bubbles in our system, at each time, and to measure their individual area, seen from above. The foam, i.e. the assembly of all the bubbles except the large bubble produced by the gas injection in the centre, is made of N bubbles of average areaS. We define A tot = NS as the initial area occupied by the foam, before air injection. If there is no film rupture, this parameter is constant with time, as well as N andS. The bubble size is quantified by its equivalent radius L = S /π. The area of the central bubble is denoted by A(t) and is directly extracted from the image I. Ben Salem, I. Cantat and B. Dollet processing without any assumption on its shape. The equivalent radius of the central bubble is defined by R = √ A/π. The liquid fraction is then obtained as φ = V sol /eA tot . In most of our experiments, it is close to 3 %. However, the relevant control parameter for the theory is not directly the liquid fraction but the radius of curvature a of the Plateau borders. We determine the total length of Plateau borders in contact with one plate L by the relation L = πNL. The capillary suction σ/a is of the order of 150 Pa in our experiments, whereas the hydrostatic pressure difference between the top and bottom plates does not exceed 10 Pa, hence gravity effects are negligible. Top and bottom Plateau borders thus have the same shape, and their radius is s = (2 − π/2)a 2 . Hence, the total volume of the Plateau borders in contact with the plates is 2L s = 2π(2 − π/2)NLa 2 . Moreover, each Plateau border perpendicular to the plate has a length e and a cross-section equal to ( √ 3 − π/2)a 2 ; there are on average six of them per bubble, and each of them is shared between three bubbles. Hence their total volume is (2
Overall, the volume of liquid contained in the foam obeys:
This control parameter is measured a posteriori with relative uncertainty of 2 %.
Foam flow
The bottom plate is drilled in the middle with a 2 mm hole to allow gas injection (see figure 1 ). We perform our experiments at controlled pressure; for this, we use a large buffer tank of gas that we connect to the cell to blow gas at the centre of the foam. An electrovalve allows a rapid opening of this gas reservoir, within 5 ms. As the typical pressure is of the order of a few thousand Pascals or less, the gas can be considered as incompressible. Hence, in the absence of film rupture, the flux is directly related to the area variation of the central bubble: Q(t) = e × dA/dt. If film rupture occurs starting from the central bubble, it affects its area and the flux is determined from the external area instead. Such a measurement of the flux is possible as long as the central bubble remains completely surrounded by the foam.
The overpressure in the gas is measured by a differential pressure transducer (DP103, Validyne Engineering Corp.), with an accuracy of 5 Pa. The tube length between the cell and the pressure sensor must be larger than the distance between the bottom plate and the black plate, and with a small enough diameter in order not to spoil the images. Given these constraints, we cannot neglect the pressure drop P cor (Q) along this tube. It has been calibrated in the absence of foam for each value of the gas flux in the experimental range. The pressure P 0 in the central bubble is then given by P 0 = P sens −P cor (Q) with P sens the value measured by the pressure sensor. The reference pressure is the external pressure. The pressure variations during each experiment, the uncertainty in P cor (Q), and the accuracy of the pressure sensor combine to give the error bars in figure 4 below.
Experimental results
3.1. Phenomenology The response of a foam to a localized air injection was observed to be very different as the injection flux varies. At very low flux, the central bubble grows by moving bubbles in the foam apart by a succession of plastic rearrangements, which are well separated in space and time: the frequency of rearrangements is much lower than the inverse of the relaxation time following a rearrangement. It is therefore a quasi-static, elasto-plastic regime, and viscous dissipation between rearrangements is negligible. The shape of the central bubble is very regular, and resembles an ellipse (figure 1a), which inflates with time (figure 2a). At higher flux, the central bubble growth still proceeds by plastic rearrangements, but it shows fingers with a well-defined characteristic wavelength (figures 1b and 2b). As we will explain in the paper, this marked change of shape is a signature of the domination of dissipation over elastic effects. We call these low-flux regimes 'pure swelling'. Above a certain threshold, films begin to burst; if the flux is large enough, bursting events percolate through the foam, and a narrow single crack is opened between the injection point and the external boundary of the foam (figures 1c and 2c), whereas the rest of the foam remains unaffected by the localized rupture of films. At very high flux, multiple cracks develop and branching occurs ( figure 1d ). This overall scenario is reminiscent of ductile fracture in the slow regime, and of brittle fracture in the fast regime (Freund 1990; Bouchbinder, Fineberg & Marder 2010) . Among this rich phenomenology, we will focus in this paper only on the intermediate regime characterized by ductile fracture and fingering, and on the onset of the brittle regime. We will show that such a regime is dominated by bubble/wall friction. The very slow, quasi-static regime and the very fast one will be discussed in future studies, since their underlying physics is essentially different. 
Pressure value in the pure swelling regime
We consider here the foams flowing without rupture. They can be unambiguously distinguished from the cases where ruptures occur, by direct observation or from the determination of the total number of bubbles as a function of time; N(t) is constant during the pure swelling process, whereas it decreases when film ruptures occur. At imposed pressure P 0 , the flux is almost constant during the whole experiment, as shown on figure 3: experiments at controlled flux or at controlled pressure are thus equivalent. This particular behaviour is predicted by the theory, for the first stage of swelling, when the central bubble is still quite circular, and small in comparison with the foam area (see § 4). For each experiment, we thus plot the central bubble area as a function of time and we measure the slope dA/dt.
Our experimental control parameters are the bubble size L, the initial foam area A tot , the cell gap e and the radius of curvature of the Plateau borders a. The latter parameter is difficult to vary significantly: large values induce drainage and a Plateau border size difference between the upper and lower plates, and very small values lead to very fragile foams. We thus choose to keep this parameter as constant as possible and for figure 4, corresponding to our four control parameters, a = 0.024 ± 0.002 cm.
We first fix all control parameters to study the variation of P 0 as a function of dA/dt (figure 4a): it shows that P 0 increases at increasing dA/dt. Fitting with a power-law dependence yields
at fixed L, e and A tot . We have checked that choosing another set of control parameters gives a similar exponent.
We then turn to the dependence on each of the three control parameters L, A tot and e, fixing the other two, and also keeping either P 0 or dA/dt as constant as possible. 1.7
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1.8 In practice, it is difficult to vary these control parameters independently and over a wide range, but our measurements clearly show the following trends: at fixed dA/dt the pressure is an increasing function of the cell gap (figure 4b) and of the bubble size (figure 4c). To study the influence of the foam area, P 0 was kept fixed, and dA/dt is shown to decrease with increasing foam area (figure 4d). Fitting these curves by power laws gives:
at fixed e, A tot and dA/dt; and dA/dt ∝ A −0.21±0.02 tot at fixed L, e and P 0 .
Transition between swelling and rupture
Depending on the various parameter values, the foam may evolve by swelling or rupture. Around the transition, we observed that these two different processes arise successively: some films burst around the central bubble and then a pure swelling is observed, as depicted on figure 5. We therefore define three cases: (i) pure swelling; (ii) bursts and then swelling; (iii) bursts percolating through the foam, inducing a crack reaching the foam boundary. In order to identify the transition between these different regimes, we explored the parameter space identified in the previous paragraph in three independent planes, as shown in figure 6 . Following the idea proposed by Arif et al. (2010) , the rupture threshold has been characterized by a local criterion, in terms of the maximal velocity v max that a film can sustain without bursting. In the case of ruptures followed by swelling, we measured the film velocity around the central bubble, on the images following the last burst, for the films that were touching the last bursting bubble. This velocity is the most accurate estimate of v max that we can make. This local parameter appears to be very well correlated to the ratio a/L, independently of the other parameters, as shown on figure 7. Here, unlike figure 4, we varied a, between 0.019 cm and 0.033 cm, and L varied between 0.15 cm and 0.52 cm.
Fingering
The fingering process is difficult to quantify precisely. The tip splitting onset is characterized by the change of convexity of the finger tip. On the image just before the onset of tip splitting, the finger has a flat tip and thus a relatively well-defined width that we use as a definition for l c , as depicted on figure 2(b,d) . The discrete nature of the underlying network of bubbles leads to a significant uncertainty in the instant of onset of tip splitting, and we estimate a relative uncertainty in this measure of 20 %. We did not obtain sufficient statistics to perform the same parametric study as in § 3.2. On the other hand, on given experiments, we observed that l c increases as the central bubble area increases, as shown in figure 8.
Modelling and comparison with experiments
4.1. Forces acting on the foam When the foam is pushed in the Hele-Shaw cell, it is subjected to several forces: the pressure gradient ∇p, the external viscous friction between the bubbles and the confining plates, and the elastic and viscous stresses within the foam, τ . Although the total number of bubbles is not large (of order 10 3 ), we model the foam as a continuum. One important consequence of this assumption is that, in the modelling of the instability leading to fingering ( § 4.4), wavelengths smaller than a bubble diameter will be non-physical. Under such an assumption, conservation of momentum yields:
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where ρ f is the foam density and f v is a volumetric force accounting for the external friction: f v = F v /e with F v the external friction per unit area of the foam.
External friction: viscous force on the plates
Since SDS gives 'mobile' interfaces (Denkov et al. 2005 (Denkov et al. , 2009a , the external friction arises from the transition regions between the Plateau borders in contact with the plates and the thin lubrication films between the bubbles and the plates. It is quantified as a force per unit length of Plateau border, f v . It is not the only situation where viscous friction occurs in a transition region of length between a thin wetting film of thickness h and a 'macroscopic' volume of liquid, of typical radius of curvature a. This also occurs in the motion of a single bubble through a tube, where a is the tube radius (Bretherton 1961) , and in the context of coating of flat plates withdrawn from a bath, where a is the capillary length (Landau & Levich 1942) . In all these situations, viscous friction and capillary effects are the two significant effects in the transition regions, and this balance yields the following scalings: h ≈ aCa and, importantly, does not depend on a (the Plateau border radius in our geometry). Hence, for a Plateau border moving in normal motion:
with m = 2/3 and K a dimensionless constant. Since E D σ (see § 2.1), we neglect the deviation of surface tension from its equilibrium value.
Bretherton's calculation yields K = 4.7; however, experiments and simulations on dry foams in various geometries have lead to different values (Ratulowski & Chang 1989; Wong, Radke & Morris 1995; Terriac, Etrillard & Cantat 2006; Raufaste, Foulon & Dollet 2009) . Systematic measurements at varying liquid fraction showed that f v depends on the ratio a/L as
, which is not predicted by the Bretherton theory, and remains up to now theoretically unexplained. We found empirically K = 6.8 (a/L) Finally, for Plateau borders with arbitrary orientations, only the projected Plateau border length in the direction perpendicular to the velocity should be considered (Cantat, Kern & Delannay 2004 ). We will use the total projected length of Plateau border per unit area (including the top and bottom plate contributions) for an hexagonal bubble, averaged over all possible orientations. This length is α h /L, with α h 1.31 (Raufaste et al. 2009 ). An average force per unit foam area can be deduced:
Internal foam stress
Foams store elastic stress when bubbles deform. The corresponding elastic stress scales as σ/L; hence, from (4.1), if R is the typical size of the central bubble, elasticity overcomes external friction below a velocity v the order of magnitude of which obeys σ/LR = F v /e.
Let us estimate v based on our experimental parameters. From figure 7, a/L ≈ 0.1, hence from (4.3), F v ≈ 29σ Ca 2/3 /L. Therefore, v = σ (e/29R) 3/2 /η. Taking e ≈ 1 mm, we compute v ≈ 6 mm s −1 for R ≈ 1 cm at the beginning of the blowing process, and v decreases rapidly with increasing R. Hence if v v , the foam responds elasto-plastically (figure 1a), whereas if v v , the foam response is dissipative. All experiments presented in the current paper are in the dissipative regime.
The internal viscous stress equals, for a three-dimensional foam of liquid fraction φ between 2 % and 20 % and for sufficiently soluble surfactants (Denkov et al. 2009a) 
where Ca = ηγ L/σ witḣ γ the deformation rate within the foam: here,γ ≈ v/R. Since we are looking at an order of magnitude of the viscous stress, we neglect the influence of confinement and we apply directly the three-dimensional formula; hence with our typical liquid fraction φ = 3 %, τ v ≈ 6σ Ca 0.47 /L, whence the ratio of this viscous stress to the external friction: (τ v /R)/(F v /e) ≈ 0.2eCa 0.47 /RCa 2/3
. At a velocity of 10 cm s
, typical in our experiments, this ratio equals 0.04, and it depends very weakly on the velocity. Hence, viscous stress is generally negligible in our experiments, and dissipative effects come mainly from bubble/wall friction. This is a major difference with the model of Coussot (1999) of a radial flow of a yield stress fluid in a Hele-Shaw cell, where dissipation was only coming from viscous stresses arising from velocity gradients within the cell.
270
I. Ben Salem, I. Cantat and B. Dollet 4.1.3. Inertia
Inertia scales as ρ f v 2 /R in (4.1), hence the ratio of inertia to external friction is:
for the highest velocity reached, v = 0.8 m s −1 (figure 7). Therefore, inertia remains negligible.
In summary, in our experiments, the foam motion results mostly from a balance between a pressure gradient and the external friction. However, the other contributions may become significant for a different foam or another flow parameter range, and we will show that yield stress is relevant to understand fingering ( § 4.4). For the sake of generality we thus write the flow equations for the general case. Comparison with experiments will be performed using the relevant simplified cases.
Pressure drop
In this section, we determine the pressure in the central bubble assuming axisymmetry. The notation X (0) refers to this approximation. The correction induced by fingering will be the subject of § 4.4.
General equations
Assuming that the motion is purely radial, p
is function of r only, and v
r (r)e r in polar coordinates (r, θ ), with e r the unit radial vector. Axisymmetry and incompressibility entirely determine the velocity field:
= qe r /r, with q = Q/2πe. The external viscous force (4.3) can be written:
with:
Therefore, f v (0) = −ξ (q/r) m e r . Stresses in foams are well captured by the Herschel-Bulkley constitutive law, either in its scalar version for simple shear (Höhler & Cohen-Addad 2005) , or in its tensorial version for more complex flow geometries (Cheddadi et al. 2011) . The tensorial Herschel-Bulkley law is written (Coussot 1999) :
with τ c the yield stress, D = (∇v+ t ∇v)/2 the rate of deformation tensor, and Tr the trace. In polar coordinates, the components of the rate of deformation tensor are: 
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The r-component of (4.1) is written:
hence at order 0:
The external boundary condition for the pressure is p (0) (r = r ext ) = 0. At the inner interface r = R, there is a Laplace pressure jump between the central bubble and the foam, due to surface tension: P 0 − p (0) (r = R) = σ C , with C the interface curvature. We assume that the inner interface is smooth at the scale of the individual bubbles in the foam, hence in the radial geometry: C (0) = 1/R. This approximation, which consists of neglecting the actual curvature of the bubbles of the foam in contact with the central bubble induces an offset in the pressure, but it will enable us to account correctly for stabilizing effects in the subsequent analysis of fingering. Similarly, at the external boundary of the foam, the boundary condition is p (0) (r = r ext ) = σ/r ext . With these boundary conditions, we get the pressure field: (4.12) whence the prediction of the pressure in the central bubble:
Comparison with experimental results
We now compare the predictions of the axisymmetric model to the experiments. According to § 4.1.2, we need retain only external friction in the right-hand side of (4.13), hence: 14) or, for the case m = 1: In the early stages of blowing, A A tot , hence: at fixed e, L and P 0 (figure 4), the latter exponent being in agreement withȦ ∝ A −1/4 tot from (4.19). This fully confirms that in our range of control parameters, the foam flow is dominated by the friction between bubbles and plates.
As a further comparison between experiments and theory, we plot the experimental pressure data versus the prediction (4.14) in figure 9. It shows that the theoretical prefactor has been overestimated by a factor 4. This mainly arises from the fact that the axisymmetry is rapidly lost, as discussed in § 3.4: as only a part of the foam is moving, the pressure is overestimated. Overall, this comparison shows that the scalings of the pressure with respect to the other parameters are independent of the precise geometry of the swelling process, in contrast to its quantitative value.
Rupture threshold
For confined foam, the rupture of a film between the plates occurs when the film, moving at a certain velocity, is unable to pull its Plateau borders at the same velocity.
As the maximal force per unit length the film can exert is 2σ , the rupture threshold is given by 2σ = f v (v) (Dollet & Cantat 2010) . From (4.2), this leads to a very simple criterion of maximal velocity:
This law is plotted on figure 7 , with K = 6.8 (a/L) −0.5 and m = 2/3 (see § 4.1.1). It is indeed an upper bound of the highest velocities experimentally measured.
Another criterion for maximal velocity before rupture has been proposed in equation (4.2) in Hilgenfeldt et al. (2008) , which is, using our notation,
. However, it is based on the following expression for the pressure jump across one straight film moving perpendicularly to itself (i.e. a straight film whose normal vector is parallel to the velocity), equation (3.1) in Hilgenfeldt et al. (2008) : δP = 2 × 4.70σ Ca 2/3 /a, which we believe is wrong when a < e/2, a condition fulfilled in our experiments and in the ones of Arif et al. (2010) . Indeed, a force balance on such a film of surface e × L, expressing that the pressure jump compensates viscous friction, can be written: eLδP = 2Lf v = 2KLσ Ca 2/3 using (4.2); hence, the geometric factor in δP is 1/e, and not 1/a. In a more recent paper, Arif et al. (2012) develop a new model for the transition from the rupture to the swelling process, based on the fact that the fracture velocity cannot be smaller than the sound velocity in the foam.
In the framework of the axisymmetric model, the criterion (4.20) can be expressed in terms of a maximum pressure in the central bubble; requiring thatȦ = 2πRv rup in (4.17), we get:
The pressure threshold thus increases with the central bubble radius. So, for a given range of pressure, P 0 can be above the threshold at the beginning of the experiment and below the threshold once the central bubble area reaches a certain value: this is in agreement with the intermediate regime depicted on figure 6, where film bursting is followed by plastic rearrangements. No rupture are expected to occur if P 0 < P 0,rup/swell from the beginning, i.e. when R = L, which leads to the more restrictive threshold:
This pressure is a prediction for the transition between the pure swelling and the rupture/swelling processes, and is plotted on the three graphs of figure 6 . The prediction is still in fair agreement with the experiments, although it is less accurate than for the critical local velocity. This may be because the model relies on an assumption of axisymmetry. Another potential cause of discrepancy between experiment and model may be the existence of a short transient at the valve opening, which lasts about 5 ms, see § 2.2. If the pressure and the flux reach their steady value after 5 ms, the central bubble radius is already a few L. Replacing R by L between (4.21) and (4.22) is thus questionable.
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Field equations
We now investigate the response of the foam to a small azimuthal perturbation, such that the internal boundary of the foam is now defined by the equation F(r, θ; t) = 0 with F = r − R(t) −ε(θ; t) whereε = εe ikθ+ωt , with k an integer 2. The goal of this stability analysis is to predict the dependence of the growth rate ω on the integer k and on the parameters of the foam.
Following Coussot (1999), we set: =εf . Mass conservation implies:
θ = −εφ /(ik). Similarly, the equation of momentum conservation has an r-component given by (4.10), and the following θ -component:
r /∂r =ε(φ /r − φ/r 2 ) and ∂v (1) r /∂θ = −εφ /ik, hence from (4.9):
From these components, lengthy but straightforward computations yield: 30) and: (4.32) whence the two ODEs for φ and f :
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Boundary conditions
We start with the kinematic boundary condition, which states that the internal boundary of the foam is a material interface: 0 = dF/dt = ∂F/∂t + v · ∇F at F = 0. Now, ∂F/∂t = −Ṙ − ωε, and ∇F = e r − ikεe θ /r, hence: −Ṙ − ωε + v r − ikεv θ /r = 0 at F = 0. Using Taylor's expansion at orderε 1 : r /∂r = 0 at r = R, hence:
We now turn to the continuity of stress at the internal boundary of the foam, the general expression for which is (Edwards, Brenner & Wasan 1991) : (4.37) where the normal unit vector at the interface is n = ∇F/|∇F| = e r − ikεe θ /R, the interfacial stress is τ s = σ 1 s , and 1 s and ∇ s are the identity tensor and gradient operator projected on the interface:
and:
(4.39)
From these expressions we compute:
hence stress continuity yields: 
Moreover, continuity of tangential stress gives: τ rθ + ikε(τ rr − τ θθ )/R = 0 at F = 0, hence at r = R:
Similarly, we could write the boundary conditions at the external boundary of the foam, but for simplicity, we will neglect the finite size of the foam in the stability analysis, and consider that all quantities of orderε 1 must vanish as r tends towards +∞.
To summarize, we have to solve for the unknown functions φ and f satisfying the coupled ODEs (4.33) and (4.34), the boundary conditions (4.42) and (4.43), and:
Inserting the computed value of φ(R) in (4.36) then yields the growth rate of the perturbation as a function of k. For a given set of parameters, this problem can be solved numerically, but not analytically. However, we have proven in § 4.1.1 that internal viscous stresses are negligible in our experiments, hence we consider the case K p = 0. Furthermore, linearizing the external friction, i.e. setting m = 1, reduces (4.33) and (4.34) to Euler-Cauchy equations and allows an analytical resolution.
Analytical solution with yield stress and linear friction
We set m = 1 and ξ = ξ l in (4.33) and (4.34), with ξ l the friction coefficient corresponding to a linear viscous force, discussed below. We get:
with γ = 2q ξ l /τ c . The boundary conditions are:
The solutions f and φ are generically power laws of r, so we set φ = b(q/R) (r/R) µ and f = cτ c φ/2q, with b and c dimensionless parameters. Equations (4.45) and (4.46)
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From the four roots of (4.51), only two have a negative real part:
52)
for i = 1, 2, and f = τ c (c 1 φ 1 + c 2 φ 2 )/2q. The coefficients c i are directly given by (4.50) and the coefficients b i are determined from the boundary conditions (4.48) and (4.49). Finally:
, (4.53)
(4.54)
The instability growth rate is given by (4.47):
The sign of the growth rate, and thus the stability of the flow, only depends on the wavenumber k and on two dimensionless parameters, γ = 2qξ l /τ c and δ = σ/τ c R, through the complicated but explicit function F . From (4.15), we have qξ l = P 0 up to logarithmic corrections, and thus γ = 2P 0 /τ c . An important consequence is that the stability of the different modes only depends on P 0 /τ c and σ/τ c R. For a given pressure the unstable modes do not depend on the cell thickness. Note that considering the general case m = 1 leads to the same conclusion. A similar scaling result can indeed be obtained in which the two dimensionless numbers governing the stability are ] has been performed using MATLAB. It shows that the front is always unstable. The destabilization by the viscous effect increases with k, but the surface tension eventually stabilizes the short wavelengths, leading, for negligible yield stress, to a parabolic profile for ω(k) (figure 10a). The yield stress plays a negligible role in the reference flow, as discussed in § 4.1.2, but becomes important in predicting the stability of the flow, since the parameter comparing surface tension and yield stress, δ = σ/τ c R ≈ L/R, is of order 0.1 in our experiments. Numerical simulations with σ = 0 show that the yield stress does not stabilize the short wavelengths. However, from figure 10(a), we see that it strongly reduces the growth rate of every mode, and displaces the maximum of ω, as seen on figure 10(b) .
We computed the value of k max (γ , δ) leading to the largest value of ω and we assumed that the observed finger thickness l c at the ramification stage The dependence on τ c is very weak (numerical exponent of 0.08) in the investigated parameter range. To check our calculations, we can also notice that the limit τ c = 0 reduces the problem to the much simpler result already obtained by Paterson (1981) : from (4.45), (4.46), (4.47) and (4.49) we deduce, in the limit ξ l RQ/σ e 1, of our model. However, our model is unable to predict the linear increase of the finger width with the plate separation, and we do not observe it experimentally.
In order to express l c as a function of the injected flux, we need an expression for ξ l adapted to our nonlinear viscous friction. We set, from (4.4) and (4.5): We compare our experimental measurements of the distance between fingers l c to the theoretical prediction on figure 11 . To do so, we measure the central bubble area at our measured onset of the fingers, and take R to be the radius of a circle of the same area. We find a good linear correlation between the experimental data and the prediction, the experimental values being slightly underestimated by the theory. Such a good agreement is remarkable, given both the difficulty in making a systematic and precise measurement of the finger spacing in experiments, and the approximations of the theory. Indeed, the latter is based on a slight perturbation of an ideal radial interface, whereas most of the fingers were measured at times where the central bubble was already clearly non-circular. Furthermore, there is not a large-scale separation between the individual bubble size and the finger spacing, as shown by the corrugated boundary of the central bubble in figure 2 . A possible reason for such a good agreement is that away from the immediate neighbourhood of the central bubble, the foam response to the blowing and fingering processes becomes insensitive to the fine geometric details of the internal boundary.
Conclusions
We have performed a systematic study of the response of a two-dimensional liquid foam to a localized air injection. We have found a rich variety of phenomena (figure 1) with two essentially different types of response: either the injected air enlarges a central bubble that grows within the foam inducing successive plastic rearrangements, without film rupture; or it breaks soap films and forms cracks through the foam, like in brittle fracture. We have studied in detail the first, pure swelling regime; we have shown that the scaling relations between air overpressure, swelling rate, cell gap, bubble size and foam area can be deduced from a simple dynamical model, under the assumption of radial symmetry, relating the pressure drop within the foam to the friction between the bubbles and the walls. In practice, at moderate velocities, the central bubble grows by fingering, which we quantitatively explain by a linear stability analysis of the radial model. In this case, yield stress becomes important to set the characteristic finger width.
